We give an elementary proof of the well-known fact that the third cohomology group H 3 (G, M ) of a group G with coefficients in an abelian G-module M is in bijection to the set Ext 2 (G, M ) of equivalence classes of crossed module extensions of G with M .
crossed n-fold extensions. To prove this theorem, Holt uses universal delta functors, while Huebschmann works with projective crossed resolutions. The author does not know whether there exists a proof of this more general result using lifts and sections in the spirit of Schreier and of Eilenberg and Mac Lane. A summary of the development leading to this result can be found in the historical note of Mac Lane [13] . A version in terms of Lodays n-categorical groups can be found in [11, th. 4.2] . Finally, an interpretation of H 4 (G, M ) using Conduchés 2-crossed modules can be found in [3, th. 4.7] .
Outline We start in section 2 with some preliminaries on groups and crossed modules. We show in section 3 that group cohomology can be expressed using componentwise pointed cochains. In section 4, we give the definitions of crossed module extensions and consider some examples. Thereafter, we show in section 5 how a 3-cohomology class can be associated to a given crossed module extension. Conversely, in section 6 we construct a standard extension with respect to a given cocycle and show that both constructions are mutually inverse. This finally proves the classification theorem.
Conventions and notations
• The composite of morphisms f : X → Y and g : Y → Z is usually denoted by f g : X → Z.
• Given a complex of abelian groups A such that A n = 0 for n < 0, we usually do not denote these zero objects.
• We use the notations N = {1, 2, 3, . . . } and N 0 = N ∪ {0}.
• Given a map f : X → Y and subsets
• Given integers a, b ∈ Z, we write [a, b] := {z ∈ Z | a ≤ z ≤ b} for the set of integers lying between a and b. If we need to specify orientation, then we write ⌈a, b⌉ := (z ∈ Z | a ≤ z ≤ b) for the ascending interval and ⌊a, b⌋ = (z ∈ Z | a ≥ z ≥ b) for the descending interval. Whereas we formally deal with tuples, we use the element notation, for example we write i∈⌈1,3⌉ g i = g 1 g 2 g 3 and i∈⌊3,1⌋ g i = g 3 g 2 g 1 or (g i ) i∈⌊3,1⌋ = (g 3 , g 2 , g 1 ) for group elements g 1 , g 2 , g 3 .
• Given tuples (x i ) i∈I and (x j ) j∈J with disjoint index sets I and J, we write (x i ) i∈I ∪ (x j ) j∈J for their concatenation.
• Given groups G and H, we denote by triv : G → H the trivial group homomorphism g → 1.
• Given a group G, a subgroup U of G and a quotient group Q of G, we denote by inc = inc U : U → G the inclusion u → u and by quo = quo Q : G → Q the quotient morphism.
• Given a group homomorphism ϕ : G → H, we denote its kernel by Ker ϕ, its cokernel by Coker ϕ and its image by Im ϕ.
• The distinguished point in a pointed set X will be denoted by * = * X .
• The Kronecker delta is defined by δ x,y = 1 for x = y, 0 for x = y, where x and y are elements of some set.
A remark on Grothendieck universes To avoid set-theoretical difficulties, we work with Grothendieck universes [1, exp. I, sec. 0] in this manuscript. In particular, every category has an object set and a morphism set.
We suppose given a Grothendieck universe U. A set in U (or U-set) is a set that is an element of U, a map in U (or U-map) is a map between U-sets. The category of U-sets consisting of the set of U-sets, that is, of U, as object set and the set of U-maps as morphism set will be denoted by Set (U) . A group in U (or U-group) is a group whose underlying set is a U-set, a group homomorphism in U (or U-group homomorphism) is a group homomorphism between U-groups. The category of U-groups consisting of the set of U-groups as object set and the set of U-group homomorphisms as morphism set will be denoted by Grp (U) . Similarly for (abelian) G-modules, etc. Because we do not want to overload our text with the usage of Grothendieck universes, we may suppress them in notation, provided we work with a single fixed Grothendieck universe. For example, instead of Remark. We suppose given a Grothendieck universe U. The forgetful functor Grp (U) → Set (U) is faithful.
we may just write
Remark. The forgetful functor Grp → Set is faithful.
Grothendieck universes will play a role when we consider extension classes of crossed module extensions, cf. section 4.
Preliminaries

Sections and lifts
We suppose given a category C, objects X, Y, Z ∈ Ob C and morphisms f ∈ C (X, Y ), g ∈ C (Z, Y ). A section of f is a morphism s ∈ C (Y, X) such that sf = 1 Y . A lift of g along f is a morphism l ∈ C (Z, X) such that g = lf .
If f is a retraction, then the sections of f are exactly the lifts of 1 Y along f . Moreover, every section s of f defines a lift l of g along f by l := gs.
Free groups
We suppose given a set X. Recall that a free group on X consists of a group F together with a map e : X → F such that for every group G and every map f : X → G there exists a unique group homomorphism ϕ : F → G with f = eϕ. By abuse of notation, we often refer to the free group (consisting of the group F and the map e) as well as to its underlying group by F . The map e is said to be the (ordered ) basis of the free group F . Given a free group F on X with basis e, we write e = e F := e. The elements of Im e F are called free generators of F . There exists a free group on every set X, see for example [10, ch. I, prop. 12.1] . Moreover, the Nielsen-Schreier Theorem states that every subgroup U of a free group F is again a free group, and it describes explicitly a set of free generators of U , see for example [9, §36, p. 36 ]. We will apply this theorem in proposition (6.3). Since a group has a natural underlying pointed set with the neutral element as distinguished point, we can also define free groups on pointed sets: We suppose given a pointed set X. A free group on X consists of a group F together with a pointed map e : X → F such that for every group G and every pointed map f : X → G there exists a unique group homomorphism ϕ : F → G with f = eϕ.
By abuse of notation, we often refer to the free group as well as to its underlying group by F . The morphism e is said to be the (ordered ) basis of the free group F . Given a free group F on X with basis e, we write e = e F := e. The elements of Im e F are called free generators of F . We suppose given a pointed set X. Roughly speaking, a free group on X is a free group on the set X \ { * }. More precisely: Given a free group F on the pointed set X, we obtain a free group F ′ on the set X \ { * } with underlying group F and basis e F ′ = e F | X\{ * } . Conversely, given a free group F ′ on the set X \ { * }, we obtain a free group F on the X pointed set with underlying group F ′ and basis e F defined by
Group actions
We suppose given a category C and a group G. Recall that a (group) action of G on an object X ∈ Ob C is a group homomorphism α : G op → Aut C X. A G-module consists of a (not necessarily abelian) group M together with an action α of G on M , that is, a group homomorphism α : G op → Aut Grp M . By abuse of notation, we often refer to the module over G as well as to its underlying group by M . The action α is called the G-action of the G-module M . Given a G-module M with G-action α, we often write
A G-module M is said to be abelian if its underlying group is abelian. As usual, we often write M additively in this case, and we write gm = g · m := m(gα) for m ∈ M , g ∈ G, where α denotes the G-action of M . A G-module structure on G itself is provided by the conjugation homomorphism
, where
Cohomology of groups
We suppose given an abelian G-module M . The cochain complex of G is the complex of abelian groups
Moreover, we define the n-th cocycle group Z n (G, M ) := Z n Ch(G, M ), the n-th coboundary group B n (G, M ) := B n Ch(G, M ) and the n-th cohomology group
is said to be an n-cochain resp. an n-cocycle resp. an n-coboundary resp. an n-cohomology class of G with coefficients in M .
Crossed modules
A crossed module consists of a group G, a G-module M and a group homomorphism µ : M → G such that the following two axioms hold.
(Peif) Peiffer identity. We have nµ m = n m for all m, n ∈ M .
Here, G acts on G via conjugation, and so does M on M . We call G the group part and M the module part of the crossed module. The group homomorphism µ : M → G is said to be the structure morphism of the crossed module. Given a crossed module V with group part G, module part M and structure morphism µ, we write Gp V := G, Mp V := M and µ = µ V := µ. We let V and W be crossed modules. A morphism of crossed modules (or crossed module morphism) from V to W consists of group homomorphisms ϕ 0 : Gp V → Gp W and ϕ 1 : Mp V → Mp W such that ϕ 1 µ W = µ V ϕ 0 and such that ( g m)ϕ 1 = gϕ0 (mϕ 1 ) holds for all m ∈ Mp V , g ∈ Gp V . The group homomorphisms ϕ 0 resp. ϕ 1 are said to be the group part resp. the module part of the morphism of crossed modules. Given a crossed module morphism ϕ from V to W with group part ϕ 0 and module part ϕ 1 , we write Gp ϕ := ϕ 0 and Mp ϕ := ϕ 1 . Composition of morphisms of crossed modules is defined by composition on the group parts and on the module parts. Let us consider two examples: Given a group G and a normal subgroup N G, the inclusion inc : N → G together with the conjugation action of G on N yields the crossed module [N G], called normal subgroup crossed module. On the other hand, given a group G and an abelian G-module M , the trivial homomorphism triv : M → G yields the crossed module [M G], called trivial homomorphism crossed module.
We let U be a Grothendieck universe. A crossed module V is said to be in U (or a U-crossed module) if Gp V is a group in U and Mp V is a G-module in U. The category of U-crossed modules consisting of U-crossed modules as objects and morphisms of U-crossed modules as morphisms will be denoted by CrMod = CrMod (U) . Given a crossed module V , the image Im µ is a normal subgroup of Gp V and the kernel Ker µ is a central subgroup of Mp V . Moreover, the action of Gp V on Mp V restricts to a trivial action of Im µ on Ker µ. See for example [15, prop. (5. 3)]. The homotopy groups of V are defined by
for n ∈ N 0 \ {0, 1}.
Thus π 1 (V ) carries the structure of an abelian π 0 (V )-module, where the action of π 0 (V ) on π 1 (V ) is induced by the action of Gp V on Mp V , that is, for k ∈ π 1 (V ) and p ∈ π 0 (V ) we have p k = g k for any g ∈ Gp V with g(Im µ) = p. Given crossed modules V and W , a crossed module morphism ϕ : V → W is said to be a weak homotopy equivalence if it induces isomorphisms π n (V ) → π n (W ) for all n ∈ N 0 .
Notation. Given a crossed module V , the module part Mp V resp. its opposite (Mp V ) op ) act on (the underlying set of) the group part Gp V by mg := (mµ)g and gm := g(mµ) for m ∈ Mp V , g ∈ Gp V . Using this, we get for example
Given a set X and a map f : Gp V → X, we usually write mf := mµf for m ∈ Mp V . Similarly for maps Gp V × Gp V → X, etc. Moreover, given crossed modules V and W and a morphism of crossed modules ϕ : V → W , we may write mϕ and gϕ instead of m(Mp ϕ) and g(Gp ϕ). Using this, we have
Componentwise pointed cochains
We suppose given a group G, an abelian G-module M and a non-negative integer n ∈ N 0 . Then G resp. M can naturally be considered as pointed sets with 1 resp. 0 as distinguished points. We want to make use of those cochains of G with coefficients in M that preserve these distinguished points. This section follows [4, ch. II, sec. 6].
(3.1) Definition (componentwise pointed maps). We suppose given pointed sets X i for i ∈ I and Y , where I is an index set. A map f : × i∈I X i → Y is said to be componentwise pointed if (x i ) i∈I f = * for all (x i ) i∈I ∈ × i∈I X i with x i = * for some i ∈ I.
(3.2) Definition (componentwise pointed cochains). The subset of Ch n (G, M ) consisting of all componentwise pointed n-cochains of G with coefficients in M will be denoted by
Moreover, we set
for the set of componentwise pointed n-cocycles and
for the set of componentwise pointed n-coboundaries and
for the set of componentwise pointed n-cohomology classes of G with coefficients in M .
The next definition is for technical purposes.
×n with g j = 1 for some j ∈ ⌊k − 1, 0⌋.
By definition, a 0-pointed n-cochain is just an arbitrary n-cochain, while an n-pointed n-cochain is actually a componentwise pointed n-cochain.
(3.4) Remark. We suppose given k ∈ [0, n] and an n-cochain c ∈ Ch n (G, M ).
(b) If c is componentwise pointed, then c∂ is componentwise pointed.
Proof.
(a) We suppose that c is k-pointed, and we let g j ∈ G for j ∈ ⌊n, 0⌋ be given with g l = 1 for some l ∈ ⌊k −1, 0⌋.
For l = 0, we have
and for l ∈ ⌊k − 1, 1⌋, we have
Hence c∂ is also k-pointed.
(b) We suppose that c is componentwise pointed. Then c∂ is n-pointed by (a). Moreover, given g j ∈ G for j ∈ ⌊n − 1, 0⌋, we have
where the k-pointiser of c for k ∈ [1, n] is defined to be the
(3.6) Proposition. We suppose given an n-cochain c ∈ Ch
Proof. We proceed by induction on k ∈ [0, n], where for k = 0 there is nothing to do. So let us suppose given k ∈ [1, n] and let us suppose that c
)(a). It remains to show that
Moreover, for k = n, we have n ≥ 1 and obtain, since c pt,n−1 and p n c are (n − 1)-pointed,
(a) We have
(a) We suppose given an n-cocycle z ∈ Z n (G, M ). If z is componentwise pointed, we inductively have p
follows from the componentwise pointedness of z pt,n ∂ = z∂ = 0 that z = z pt,n is n-pointed by proposition (3.6) , that is, z is componentwise pointed.
(b) By remark (3.4)(b), we have (Ch
. Conversely, we suppose given an n-coboundary b ∈ B n (G, M ) and we choose an (n − 1)-cochain c ∈ Ch n−1 (G, M ) with b = c∂. Then we also have b = c pt,n−1 ∂, and by proposition (3.6) it follows that if b is componentwise pointed, then so is c pt,n−1 . Thus we also have B
and since the n-pointisation z pt,n is componentwise pointed by (a), it follows that
Moreover,
and thus Noether's first law of isomorphism provides the asserted isomorphisms
Crossed module extensions and their equivalence classes
In this section, we suppose given a group G and an abelian G-module M .
(4.1) Definition (crossed module extension).
(a) A crossed module extension (or 2-extension) of G with M consists of a crossed module E together with a group monomorphism ι : M → Mp E and a group epimorphism π : Gp E → G such that
is an exact sequence of groups and such that the induced action of G on M caused by the action of the crossed module E coincides with the a priori given action of G on M , that is, such that e (mι) = ((eπ)m)ι for e ∈ Gp E and m ∈ M .
By abuse of notation, we often refer to the crossed module extension as well as to its underlying crossed module by E. The morphism ι is said to be the canonical monomorphism and the morphism π is said to be the canonical epimorphism of the crossed module extension E.
Given a crossed module extension E of G with M with canonical monomorphism ι and canonical epimorphism π, we write ι = ι E := ι and π = π E := π.
(b) We suppose given a Grothendieck universe U such that G and M are in U. A crossed module extension is said to be in U (or a U-crossed module extension) if its underlying crossed module is in U. The set of crossed module extensions in U of G with M will be denoted by Ext
(a) We have π 0 (E) ∼ = G and π 1 (E) ∼ = M for every crossed module extension E of G with M .
(b) Conversely, given an arbitrary crossed module V , we get a crossed module extension of π 0 (V ) with π 1 (V ), where ι = inc π1(V ) and π = quo π0(V ) .
(a) The trivial homomorphism crossed module [M G] provides a crossed module extension together with id M as canonical monomorphism and id G as canonical epimorphism, the trivial crossed module extension of G with M .
We suppose given a group E 0 and a group epimorphism π : E 0 → G. Then the normal subgroup crossed module [Ker π E 0 ] yields a crossed module extension of G with 0, where the canonical monomorphism is trivial and the canonical epimorphism is π.
(a) We let E andẼ be crossed module extensions of G with M . An (extension) equivalence from E toẼ is a morphism of crossed modules ϕ :
We suppose given a Grothendieck universe U such that G and M are in U. We let ≈ = ≈ U be the equivalence relation on Ext 2 U (G, M ) generated by the following relation: Given extensions E,Ẽ ∈ Ext 2 U (G, M ), the extension E is in relation to the extensionẼ if there exists an extension equivalence E →Ẽ. Given crossed module extensions E andẼ with E ≈Ẽ, we say that E andẼ are (extension) equivalent. The set of equivalence classes of crossed module extensions in U of G with M with respect to ≈ U is denoted by
and an element of Ext 2 (G, M ) is said to be a crossed module extension class of G with M in U (or a U-crossed module extension class). (a) We suppose given a group G and an abelian G-module M . Every extension equivalence ϕ : E →Ẽ between crossed module extensions E andẼ of G with M is a weak homotopy equivalence between the underlying crossed modules of E andẼ.
(b) Given a weak homotopy equivalence ϕ : V → W between crossed modules V and W , there exist structures of crossed module extensions on V and W such that ϕ is an extension equivalence.
(4.6) Example. We suppose given a group E 0 and a group epimorphism π :
since π induces an extension equivalence.
The associated cohomology class
During this section, we suppose given a group G and an abelian G-module M . The aim of this manuscript is to show that there is a bijection between the set of crossed module extension classes Ext 2 (G, M ) and the third cohomology group
by corollary (3.7)(c), we are able to work with componentwise pointed cocycles and coboundaries. Most steps of the construction can be done with "unpointed" data, but it seems to the author that componentwise pointedness cannot be avoided in the proofs of proposition (5.19) and proposition (6.6). So for convenience, we will work with pointed sets and componentwise pointed maps throughout the whole procedure. We start by constructing for a given crossed module extension class of G with M a cohomology class in H 3 cpt (G, M ). The arguments used here are adapted from [5, sec. 7] .
(5.1) Remark. We suppose given a group E 0 and an epimorphism π : E 0 → G. For every section s 0 of the underlying pointed map of π, the map
is well-defined, componentwise pointed and fulfills
Proof. We suppose given a section s 0 : G → E 0 of the underlying pointed map of π. Since π is a group homomorphism, we have (hs
That is, we obtain a well-defined map
for all g ∈ G, that is, z 2 is componentwise pointed. By computing the product (ks 0 )(hs 0 )(gs 0 ) in E 0 for g, h, k ∈ G in two different ways, we get on the one hand
and on the other hand
Hence z 2 fulfills
for g, h, k ∈ G.
(5.2) Definition (non-abelian 2-cocycle of a crossed module extension).
(a) We suppose given a group E 0 and an epimorphism π : E 0 → G. Given a section s 0 of the underlying pointed map of π, we call
the non-abelian 2-cocycle of E 0 with respect to s 0 .
(b) Given a crossed module extension E of G with M and a section s 0 of the underlying pointed map of π, the non-abelian 2-cocycle z 2 Gp E,s 0 of Gp E with respect to s 0 is also said to be the non-abelian 2-cocycle of E with respect to s 0 and is also denoted by
(5.3) Definition (lifting and section systems for crossed module extensions). We suppose given a crossed module extension E of G with M .
(a)
(5.6) Definition (lifting systems coming from section systems). Given a crossed module extension E of G with M and a section system (s 1 , s 0 ) for E, we say that a lifting system (
(5.7) Remark. We suppose given a crossed module extension E of G with M . For every lifting system (Z 2 , Z 1 ) for E, the map
is a well-defined componentwise pointed 3-cocycle of G with values in M .
Proof. We suppose given a lifting system (Z 2 , Z 1 ) for E. By remark (5.1), we have
Since ι is injective, we obtain a well-defined map
Since Z 1 and Z 2 are componentwise pointed, we have
for g, h, k, l ∈ G in two different ways. On the one hand, we have
and on the other hand, we get
By the injectivity of ι, we conclude that
(5.8) Definition (3-cocycle of a crossed module extension with respect to a lifting system). We suppose given a crossed module extension E of G with M .
(a) Given a lifting system (Z 2 , Z 1 ) for E, we call
the 3-cocycle of E with respect to (Z 2 , Z 1 ).
(b) Given a section system (s 1 , s 0 ), the 3-cocycle of E with respect to the lifting system (Z 2 , Z 1 ) coming from (s 1 , s 0 ) is also called the 3-cocycle of E with respect to (s 1 , s 0 ) and denoted by z
(5.9) Example. As we have seen in example (5.4), the unique section system for [M G] is given by (triv, id G ).
(5.10) Proposition. We suppose given a crossed module extension E of G with M and a lifting system (Z 2 , Z 1 ) for E.
is a lifting system for E are exactly the maps of the form
of E with respect to the lifting system
(a) First, we suppose given a componentwise pointed 2-cochain c 2 ∈ Ch 
Hence we obtain a map
for g, h ∈ G. Finally, c 2 is componentwise pointed since Z 2 ,Z 2 and ι are componentwise pointed.
(b) We suppose given c 2 ∈ Ch 2 cpt (G, M ) and we defineZ
is a lifting system for E. We get
and thus (k, h, g)z
(5.11) Proposition. We have a map
that assigns to every crossed module extension E of G with M the cohomology class of the 3-cocycle of E with respect to an arbitrarily chosen lifting system. The map cl is independent from the chosen lifting system.
Proof. We suppose given a crossed module extension E of G with M and we choose a lifting system (Z 2 , Z 1 ) for E. By proposition (5.10), the cohomology class of z 3 E,(Z 2 ,Z 1 ) is independent from the choice of Z 2 . Thus it remains to show that the cohomology class of z 3 E,(Z 2 ,Z 1 ) is independent from the choice of Z 1 . To this end, we letZ 1 be an alternative to Z 1 , that is, a section of the underlying pointed map of π. Then (gZ 1 )(gZ 1 ) −1 ∈ Ker π = Im µ for g ∈ G, and we obtain a well-defined pointed map c 1 :
for g ∈ G. This implies
and hence
for g, h ∈ G. We let C 1 : G → Mp E be a lift of c 1 along the underlying pointed map of µ| Im µ , that is, a pointed map
for g, h ∈ G. Since Z 1 , C 1 and Z 2 are componentwise pointed, we have
for all g ∈ G, whenceZ 2 is also componentwise pointed. Finally, we compute
(5.12) Definition (cohomology class associated to a crossed module extension). Given a crossed module extension E of G with M , the cohomology class cl(E) := z
for an arbitrarily chosen lifting system (Z 2 , Z 1 ) for E is called the cohomology class associated to E. Our next aim is to show that the cohomology class associated to a crossed module extension is independent from a chosen representative in its crossed module extension class.
(5.14) Proposition. We let E andẼ be crossed module extensions of G with M and we let ϕ : E →Ẽ be an extension equivalence.
(a) We suppose given a section s 0 of the underlying pointed map of π E and a sections 0 of the underlying pointed map of πẼ withs
Im µ E .
(b) We suppose given a lifting system (Z 2 , Z 1 ) for E and a lifting system (Z 2 ,Z 1 ) forẼ withZ
Im µ E and z
(c) We suppose given a section system (s 1 , s 0 ) for E and a section system (s 1 ,s 0 ) forẼ withs
and s 1 (Mp ϕ) = (Gp ϕ)| 
Im µ E . Further, we obtain
. In particular, it follows that
(c) First of all, we get z
Im µ E by (a). Since the lifting systems (
come from the section systems (s
1 ,s 0 ). This implies
as well as
(5.15) Proposition. We let E andẼ be crossed module extensions of G with M and we let ϕ : E →Ẽ be an extension equivalence.
(a) For every section s 0 of the underlying pointed map of π E , the pointed maps 0 := s 0 (Gp ϕ) is a section of the underlying pointed map of πẼ.
(b) We suppose given a lifting system (Z 2 , Z 1 ) for E. 
(a) We suppose given a section s 0 of the underlying pointed map of π E . Settings 0 := s 0 (Gp ϕ), we get
that is,s 0 is a section of the underlying pointed map of πẼ.
(b) We haveZ 1 πẼ = id G by (a) and therefore z
Im µ E by proposition (5.14)(a). Further, Z 2 is a lift of z 2 E,Z 1 along the underlying pointed map of µẼ| Im µẼ sincẽ
and it is componentwise pointed since Z 2 and Mp ϕ are componentwise pointed. Thus (Z 2
and hence (gϕs 1 )(gs ′1 ϕ) −1 ∈ Ker µẼ = Im ιẼ for g ∈ Im µ E . Thus we obtain a well-defined pointed map
with
Moreover, we have
Conversely, given arbitrary sections s 1 and s ′1 of the underlying pointed map of µ E |
Im µ E such that
for all g ∈ Im µ E .
(5.16) Corollary. We let E andẼ be crossed module extensions of G with M and we let ϕ : E →Ẽ be an extension equivalence.
(a) There exists a lifting system (Z 2 , Z 1 ) for E and a lifting system (Z 2 ,Z 1 ) forẼ withZ
(b) There exists a section system (s 1 , s 0 ) for E and a section system (s 1 ,s 0 ) forẼ withs 0 = s 0 (Gp ϕ) and
Proof. We remark that corollary (5.16)(b) will be used in [16, prop. (4.11) ].
(5.17) Corollary. The map cl :
Proof. We suppose given crossed module extensions E andẼ of G with M and an extension equivalence ϕ : E →Ẽ. Then by corollary (5.16)(a), there exists a lifting system (Z 2 , Z 1 ) for E and a lifting system (Z 2 ,Z 1 ) forẼ withZ 1 = Z 1 (Gp ϕ) andZ 2 = Z 2 (Mp ϕ) and proposition (5.14)(b) implies cl(Ẽ) = cl(E).
(5.18) Definition (cohomology class associated to a crossed module extension class). Given a crossed module extension E of G with M , the 3-cohomology class cl
(5.19) Proposition. We suppose given a crossed module extension E of G with M and a 3-cocycle
Proof. We suppose given a lift Z 1 of id G along the underlying pointed map of π and we choose an arbitrary componentwise pointed mapZ
is a lifting system for E, that is, with
that is, there exists a componentwise pointed 2-cochain c 2 ∈ Ch
We let E be a crossed module extension of G with M and we let z
. By the preceding proposition, every lift Z 1 of id G along the underlying pointed map of π can be completed to a lifting system (Z 2 , Z 1 ) for E such that z 3 is the 3-cocycle of E with respect to (Z 2 , Z 1 ). A lift of id G along the underlying pointed map of π is nothing but a section of the underlying pointed map of π. The following example shows that in general not every section s 0 of the underlying pointed map of π can be completed to a section system (s 1 , s 0 ) for E such that z 3 is the 3-cocycle of E with respect to (s 1 , s 0 ).
(5.20) Example. We suppose that G, M and the action of G on M are non-trivial. Then the coboundary group B 3 cpt (G, M ) has also at least one non-trivial element: We choose g 0 ∈ G \ {1} and m 0 ∈ M \ {1} such that g 0 m 0 = m 0 , and we define c 2 ∈ Ch 
The standard extension
In this section, we construct for a given cocycle
, where G is a group and M is an abelian G-module, a crossed module extension of G with M whose associated cohomology class is z 3 + B 3 cpt (G, M ). The arguments are adapted from [12, sec. 7] , [5, sec. 9] . At the very end, this leads to the classification theorem (6.11) due to Holt [7, th. 4.5] , Huebschmann [8, p. 310] and Ratcliffe [14, th. 9.4] . Throughout the whole section, we suppose given a group G and an abelian G-module M . Before we begin with the construction of the standard extension, we recall two facts from group theory.
(6.1) Remark. We suppose given group homomorphisms ϕ 1 : G 1 → H and ϕ 2 : G 2 → H. The map ϕ :
) is a group homomorphism if and only if
Proof. If ϕ is a group homomorphism, then we necessarily have
, that is, ϕ is a group homomorphism.
(6.2) Remark. We let F be a free group on the underlying pointed set of G with basis s 0 : G → F , and we let π be the extension of id G : G → G to F . 
Proof. (b) For g, h ∈ G, we have (h, g)z 2 = 1 if and only if (hs 0 )(gs 0 ) = (hg)s 0 . But since F is freely generated on the underlying pointed set of G and the length of (hg)s 0 for g, h ∈ G is less than 2, this is equivalent to g = 1 or h = 1.
and hence the length of this element is less or equal than 2. But since g, g
and hence the length of (hg
is less or equal than 1. But now g, g ′ = 1 and hg
(6.3) Proposition. We suppose given a 3-cocycle z 3 ∈ Z 3 cpt (G, M ). We let F be a free group on the underlying pointed set of G with basis s 0 = Z 1 : G → F . We let π be the extension of id G : G → G to F . The basis s 0 is a section of the underlying pointed map of π. We let ι : M → M × Ker π, m → (m, 1) and µ : M × Ker π → F, (m, r) → r. We let s 1 : Ker π → M × Ker π, r → (1, r) and we let
2 and carries the structure of an F -module uniquely determined on this set of generators by kZ 1 (mι) := (km)ι for m ∈ M , k ∈ G, and
These data define a crossed module extension E(z 3 ) and a section system (s
as follows. The group part of E(z 3 ) is given by Gp E(z 3 ) := F , the module part is given by Mp E(z 3 ) := M × Ker π and the structure morphism is given by µ . By construction, the 3-cocycle of E(z 3 ) with respect to the section system (s
In particular, cl(E(z 3 )) = z 3 + B Proof. Since the kernel Ker π is a free group on the pointed set Im z 2 = {(hZ 1 )(gZ 1 )((hg)Z 1 ) −1 | g, h ∈ G} by remark (6.2)(a), the direct product M × Ker π is generated by Im ι ∪ Im Z 2 . By definition of ι, µ and π, we have an exact sequence of groups
with ι injective and π surjective. The pointed map s 1 is a section of the underlying pointed map of µ| Im µ and hence Z 2 is a lift of z 2 along the underlying pointed map of µ| Im µ . We want to define an action of F on M ×Ker π, that is, a group homomorphism α : F op → Aut(M ×Ker π). Since F is a free group on the underlying pointed set of G, it suffices to define a pointed map a : G → Aut(M × Ker π). So we suppose given a group element k ∈ G. Since M is a G-module, we have a group automorphism M → M , m → km and hence a group homomorphism M → M × Ker π, m → (km)ι. Moreover, since Ker π is a free group on the pointed set Im z 2 , the pointed map
, which is well-defined by remark (6.2), extends to a group homomorphism Ker π → M × Ker π. By remark (6.1), we obtain a group homomorphism ka : M × Ker π → M × Ker π, which is given on the elements of
for all g, h ∈ G. To show that ka is an automorphism on M × Ker π, we show that the group homomorphism kb : M × Ker π → M × Ker π, which is defined on the elements of Im ι ∪ Im Z 2 by mι(kb) :
, is inverse to ka. (The proof that kb exists and is uniquely determined on Im ι ∪ Im Z 2 is done in the same way as that of ka.) Indeed, we have
for all m ∈ M as well as
and (h, g)Z 2 (kb)(ka) = ((k −1 , h, g)z 3 ι) −1 (
for all g, h ∈ G, that is, (ka)(kb) = (kb)(ka) = id M×Ker π and hence ka ∈ Aut(M × Ker π). Altogether, we have defined a map a : G → Aut(M × Ker π). This map is pointed since mι(1a) = (1m)ι = mι for all m ∈ M and (h, g)Z 2 (1a) = ((1, h, g)z 3 ι) −1 (
for all g, h ∈ G. Therefore, we get a group homomorphism α : F op → Aut(M × Ker π) with a = Z 1 α, turning M × Ker π into an F -module with kZ 1 (mι) = mι(kα) = mι(ka) = (km)ι for m ∈ M , k ∈ G, and
for g, h, k ∈ G. So we have
for g, h, k ∈ G. We want to show that the group F , the F -module M × Ker π and the homomorphism µ : M × Ker π → F define a crossed module.
(Equi) We have for m ∈ M and
for g, h ∈ G.
(Peif) We have nιµ (mι) = mι = (n + m + (−n))ι = nι (mι)
for m, n ∈ M as well as
for g, h ∈ G, n ∈ M . Moreover, we have for m ∈ M , k, l ∈ G, and therefore 
for g, h, k, l ∈ G, and hence we get
for g, h, k, l ∈ G.
Altogether, we have constructed a crossed module E(z 3 ) with Mp E(z 3 ) = M × Ker π, Gp E(z 3 ) = F and µ 
